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Abstract. In this paper we describe logarithmic moduli spaces of pairs 
(S, D) consisting of a minimal surface S of class VII with second Betti 
number 62 > together with a reduced maximal divisor D of 62 rational 
curves. The special case of Enoki surfaces has already been considered 
by Dloussky and Kohler. We use normal forms for the action of the fun- 
damental group of S \ D and for the associated holomorphic contraction 
(C,0)-(C,0). 



I. Introduction 

Compact complex surfaces with first Betti number b± = 1 form the class VII 
in Kodaira's classification, see [TT] . Minimal such surfaces are said to belong 
to class VIIo- When their second Betti number vanishes these surfaces have 
been completely classified, see [5j, pQ, [12] and [T3]. Among them one finds 
the Hopf surfaces for which moduli spaces have been constructed in [2J. 
In this paper we shall restrict our attention to minimal compact complex 
surfaces with b\ = 1 and 62 > 0. All known surfaces in this subclass contain 
global spherical shells and can be obtained by a construction due to Ma. 
Kato, see [10j . A finer subdivision of these surfaces may be done by looking 
at the dual graph of the maximal reduced divisor D of rational curves. One 
gets: 

(1) Enoki surfaces, i.e. the graph of D is a cycle and D is homologically 
trivial, 

(2) Inoue-Hirzebruch surfaces, i.e. the graph of D consists of one or two 
cycles and D is not homologically trivial, (in fact D is an exceptional 
divisor) , 

(3) intermediate surfaces, i.e. the graph consists of a cycle with at least 
one non-empty tree appended, (in this case too, D is exceptional). 
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Our point of interest is to study logarithmic moduli spaces, i.e. such that 
the maximal reduced divisor D is preserved. Logarithmic moduli spaces of 
Enoki surfaces were described in [3] , whereas Inoue-Hirzebruch surfaces are 
logarithmically rigid. 

In this paper we introduce logarithmic moduli spaces for intermediate sur- 
faces. This will be done by examining normal forms of germs of analytic 
mappings which can be associated to these surfaces and of the fundamental 
group of the complement of the maximal reduced divisor, respectively. 

The article is organized as follows. General facts on surfaces with global 
spherical shells are recalled in Section [21 Then we give a description of the 
fundamental group of the complement of the rational curves of an interme- 
diate surface. This description will allow us a better understanding of the 
isomorphisms between the different parameter spaces we will get for loga- 
rithmic deformations. In Section H] we introduce the main ingredients of our 
proof: the normal form of a contracting germ associated to an intermediate 
surface and its type. The next two sections are devoted to the decompo- 
sition of such normal forms and to the associated blowing up sequences 
which are needed in order to recover the surface from its contracting germ 
in a canonical way. Using these techniques we come in Section [7] to the 
description of logarithmically versal families and moduli spaces of interme- 
diate surfaces, see Theorems 7{T3] and 7 JT^1 In the Appendix we show how 
the universal covers of Section [3] are organized into families. Theorem 8 1161 
stresses again the importance of the logarithmic type. 

2. Preliminary facts on surfaces with global spherical shells 

In this section we recall some facts on surfaces with global spherical shells. 
We refer to pTO] and [3J for more details. 

By a surface we always mean a compact connected complex manifold of 
dimension 2. A global spherical shell (GSS) in a surface S is the image 
S of S 3 through a holomorphic imbedding of an open neighbourhood of 
S 3 C C 2 \ {0} such that S \ £ is connected. 

A minimal surface S with 6 2 := ^(S) > admits a GSS if it can be ob- 
tained by the following method: Blow up the origin of the unit ball B in 
C 2 and choose a point p\ on the exceptional curve G\. Continue by blowing 
up this point and by choosing a further point p2 on the new exceptional 
(— l)-curve C*2. Repeat this process hi times, i.e. until you reach the curve 
Cft 2 and choose a point pb 2 on this curve. Call B the manifold thus obtained 
and 7r : B — > B the blowing down map. Choose now a biholomorphic map 
o~ \ B — > o~{B) onto a compact neighbourhood of pb 2 - Use finally o o n to 
glue together the two components of the boundary of B \ o~{B). It is not 
difficult to see that in this way one gets a minimal surface S with tti(S) ~ Z 
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and 62(5') = i>2- There are exactly 62 rational curves on 5* which form a di- 
visor the dual graph of which has one of the three types described in the 
introduction. Besides these rational curves at most one further curve might 
appear on some Enoki surfaces and this curve will be elliptic. One can see a 
GSS as the image of <j{S 3 ) in 5* via the above identification. The universal 
covering S of S is obtained by glueing an infinite number, indexed by Z, of 
copies of B \ cr(B) through maps analogous to a o n. 

Conversely, let S be a minimal surface with a fixed GSS S. One can fill the 
pseudoconcave end of S \ £ holomorphically by B and one obtains a holo- 
morphically convex complex manifold M. The maximal compact complex 
analytic set in this manifold is exceptional and the blow-down of M is iso- 
morphic to B. One shows that this is the inverse of the above construction. 

In [3], Dloussky remarked an important object associated to this construc- 
tion, which is the germ (p of the holomorphic mapping no a : B — > B around 
the origin of B. It is a germ of a contracting mapping and it is shown to 
completely determine the surface S up to isomorphism. Conjugating ip by 
an automorphisms of (B, 0) does not change the isomorphy class of 5*, but 
to the same surface S several conjugacy classes of germs may correspond. In 
fact the conjugacy class of the contracting germ depends on the homotopy 
class of the GSS E C S. 

In [7j, Favre gave polynomial normal forms for the contracting germs and 
classified them up to biholomorphic conjugacy. In order to obtain logarith- 
mic moduli spaces, we shall choose one of these normal forms and describe 
it more closely as well as its relation to the maximal reduced divisor D of 
rational curves on the surface. A choice of a normal form will be suggested 
by an examination of the fundamental group of S \ D. (Since D is con- 
tractible and does not contain (— l)-curves, S is completely determined by 
S\D.) 

3. The fundamental group of S \ D 

For a surface 5* admitting a GSS, one finds using the exponential sequences 

Pic°{S) ~ H\S, C) ~ C* ~ HomimiS), C). 

Therefore for each A £ C* there is a unique associated flat line bundle which 
we denote by L\. Note that the above isomorphisms depend on the choice 
of a positive generator of tti(S) ~ Z. We recall also that for the interme- 
diate surface S there exists a positive integer m, a flat line bundle L and 
an effective divisor D m such that (Ks <S> L)® m = Os(—D m ), cf. [6], Lemma 
1.1. The smallest possible m in the above formula is called the index of 
the surface S and is denoted by m(S). By Proposition 1.3 of [6], for each 
intermediate surface S of index m there is a unique intermediate surface S' 
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together with a proper map S' — > S which is generically finite of degree m 
such that 5" is of index 1. Moreover, on the complements of the maximal 
reduced divisors D' and D the induced mapping 5" \ D' — > S \ D is a cyclic 
unramified covering of degree m. 



3.1. Surfaces of index 1. In this subsection we assume that S is an in- 
termediate surface of index 1. Later on we will show how to recover normal 
forms of contracting maps for surfaces of higher index. In [5] and [6j normal 
forms for the generators of the fundamental group of S \ D were given. We 
will now recall and further develop these computations. 

It is shown loc. cit. that the universal cover S \ D of S \ D is isomorphic 
to C x m h where U t := {w G C | Me(w) < 0} is the left half plane. We 
take (z,w) to be a system of holomorphic coordinates on C x EI;. The 
fundamental group of S \ D is isomorphic to Z x Z[l//c] and is generated 
by the following two automorphisms of C x H;: 

, , / 9f(z,w) = (z } w + 2iri) 

{ } \ g(z,w) = (\z + a + H(e- w ),kw), 

where A G C*, H = H(Q = Y^m=i a m( m is a complex polynomial of pos- 
itive degree and k := 1 + y/\det M(S)\ G Z, k > 2. Here M(S) denotes 
the intersection matrix of the b 2 (S) rational curves of S. Moreover the 
complex parameters A, further subject to the following conditions: 

(A — l)ao = and a m = for all m > with k\m, see Theorem 3.1 in [S] 
and Theorems 4.1 and 4.2 in [B]. The case A = 1 occurs precisely when S 
admits a nontrivial holomorphic vector field. Note also that the generator 
g 7 corresponds to some loop 7 around D, whereas g induces a generator of 
tti(S). It is claimed in [5] and [6] that this normal form is unique if one 
preserves the generator g T We shall see later that this claim is valid only 
up to the action of some finite group on the space of parameters given by 
the coefficients of H. 



We first show how the normal form changes if one allows a different choice 
of the loop 7. 

We start by replacing the normal form (FG1) as in [5], p. 659 and [6], p. 
307, in order to obtain a new normal form which will lead to the contracting 
germ: 

, , f g~ ( (z,w) = (z,w + 2ni) 

1 } \ g(z,w) = (Xz + a + Q(e- w ),kw), 

where Q = Q(C) '■= J2m=i bm( m is a new polynomial such that b a — 1, k \ a, 
I := [<r/k] + 1 and gcd{k,m \ b m 7^ 0} = 1. As before (A — l)ao = 0. The 
normalisation b a = 1 is obtained by a conjugation (z,w) 1— > (az,w) with a 
suitable a. 



(FG3) 
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We introduce now a numerical invariant of (FG2) which will be shown to 
be equivalent to the dual graph of D, see Section |6j 

Definition 3. 1. Let k be fixed and let Q be a polynomial as in (FG2). 
Define inductively the following finite sequences of integers a =: n\> .... > 
n t > I and k > ji > j 2 ... > jt = 1 by: 

i) m := o, jt : = gcd(fc,ni); 

ii) n a := m&x{i < n a _ x | 6, ^ 0, gcd(j a _i, i) < j a -i}, 
j a := gcd(fc, m, n a ) = gcd(j Q _i , n a ) ; 

iii) 1 = j t := gcd(fc,ni, ...,n t -i,n t ) < gcd(A;,ni, ...,rit_i). 

VFe ca// (m, n t ) the type o/ (FG2) and t the length of the type. Ift — 1 
we say that (FG2) is of simple type. 

We remark now that for any divisor d > 1 of k the following are also 
generators of n^S \ D) C Aut (C x Mi): 

g*(z,w) = (z,w + 2irid) 
g(z,w) = (Xz + a + Q(e~ w ) 1 kw), 

since (g- 1 og^og) 3 = g T 

In order to reestablish (FG2) we perform the following conjugations on 
(FG3). First conjugate with (z,w) i— > (z,dw). The generators become 

'2;, tu) 1 — > (2;, + 27rz) 

^ (Az + ao + Qfc-* ),*™), 

This is not in normal form (FG2); in fact there are two cases. If k \ da one 
has to go back by the inverse conjugation procedure to the initial (FG2). 
At the end of this process the loop 7 remains unchanged. 
If k I da take p := maxjj 6 N | i > 1, k \ji~\d}. Now let 

cr 

<$> 1 (z ) w) = (z+ b m e-^,w) 

m=n p +l 

and apply the conjugation $ x o (1) o Q^ 1 . We obtain the new generators 

f (z,w) 1 ► (z, w + 27ri) 
U 1 («,«;) h-> (A2 + a + fe np g d (e- u '),A;w;) 

where 

m=n p +l m=n p +l 

The conjugation $ 2 (2) o $3 by $2(2, u>) = (b np z, w) leads us to 

z,w) I— > (z, w + 27ri) 
2, to) 1 * (Az + &~ p 1 a + Q<i(e~'" , ),A;w). 

The idea is to bring (3) in normal form (FG2) presumably with the new 
type (fii, ...,n t ) = (dn p , dn t , ^F 1 ). We have gcd(<inp, fc) = 



1 
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gcd(dn p , djp-i, k) because gcd(t^ p _i, k) = k and further ji = gcd(dn p , k) = 
gcd(dn p , dj p -i, k) = gcd(dj p , k) < k. In the same way one obtains gcd(dm, k) 
= gcd(dj p , k) = ^ for n p+1 < m < n p , j 2 = gcd(dn p+1 , dn p , k) = 
gcd(dn p+ i,dj p ,k) = gcd(dj p+ i, k) and so on. The last in this series is 
gcd(dn t ,dj t -i,k) = gcd(dj t ,k) = gcd(d,k) = d. The translated exponents 

dm drir>—i 

221, — now give 

jt-p+2 = gcd(d, h t - p ) = gcd(^, d, k) = gcd(^-, d) = gcd(^-, d) = ^ < d 

because k \ rii, 

~ dn 2 dni dn 2 dji dj 2 

j t _ p+3 = gcd(— , — , k) = gcd( — , — ) = — , 

and so on, down to jt = . Set d! := d ~' p k 1 . If d' — 1, then Qd is in 
normal form and we are ready. If not all its "active" exponents m, i.e. with 
b m 7^ 0, are divisible by d' . Then we perform the same conjugations which 
lead us from (FG3) to (1) in inverse order and with d! instead of d. We get 



(4) 



(z, w) I— > (z,w + 2iii) 

(z,w) ^ (Xz + b-la Q + Q d (e~^),kw). 



The type of this normal form is 

■j^drip, ...,dn t , 



1 dn\ dn p _\ 

-{dn p ,...,dn u — — 



It is clear that we get exactly t (FG2)-normal forms through this kind of 
transformation corresponding to the following choices for d: the 
last one giving our starting type again. In these cases we also have d' — 1, 
hence the type transformations are of the form: 



(m, ...,n t ) 



, kn p+1 kn t n x 

i ■ i ■ :•••■> ■ , 

Jp Jp Jp Jp 



This amounts to an action of Z/(t) on the set of types of length t. 

Notice moreover that we also get a biholomorphic polynomial map r d be- 
tween the parameter spaces for the coefficients of Q in (FG2) and those of 
Qd in (4). 

3.2. Surfaces of higher index. We consider now the normal form (FG2) 
for a surface S of index 1 and a positive integer q. We say that the set of 
parameters a , bi, b a of the normal form has the property (I q ) if 

a = 

and 

q\ gcd{k - 1; m - m', b m b m i ^ 0}. 
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Suppose now that this is the case and conjugate g 7 and g by 

<r2ni 

cp[z,w) :— (e i z,w ). 

Q 

We get 

ipog^oip- 1 = g J: 

fc-i 

ip o g o (p~ l = 9l q og, 

showing that (p lies in the normalizer of the fundamental group 7r 1 (5 \ D). 
This leads to an action of Z/(g) on S \ D and to a quotient S' \ D', where 
S' is a surface of possibly higher index. We will see later that every surface 
of index q arises in this way, see Remark 4JU Looking now at a divisor d 
of k we notice that the transformation Q i-4 Q d of the preceding subsection 
preserves the property (I q ). This happens because d and q are relatively 
prime. Our next step will be to translate these properties for the associated 
contracting germs of holomorphic maps. 

4. Contracting germs of holomorphic mappings associated to 

intermediate surfaces 

In [7] Favre gave normal forms for contracting rigid germs of holomorphic 
maps (C 2 ,0) — > (C 2 ,0) and completely characterized those germs which 
give rise to surfaces with global spherical shells. We retain the following 
result which will be essential for our study. 

Theorem 4.2 (Favre [TJ, see also [6]). Every intermediate surface is asso- 
ciated to a polynomial germ in the following normal form: 

(CG) <p(z, C) := (X( s z + P(() + cC^, C fc ), 

where k, s <E Z, k > 1, s > 0, A G C* ; P(() := Cj( j + c j+1 ( j+1 ... + c s ( s is 
a complex polynomial, < j < k, j < s, Cj = 1. c^k_ := c G C with c = 

J k-l 

whenever Z or A ^ 1 and gcd{fc,m | c m ^ 0} = 1. 

Moreover, two polynomial germs in normal form ( CG ) ip and 

are conjugated if and only if there exists e G C with e k ~ l = 1 and k = k, 
§ = s , A = e s \, P(C) = e^'P(eC), c = e^~ j c. 

Remark 4. 3. Intermediate surfaces of index one correspond precisely to 
germs <p in normal form (CG) such that (k — l)|s. 

In order to see this we look at a surface S of index one and at the normal 
form (FG2) of the fundamental group of S \ D. We conjugate (FG2) by 
(z, w) i — ► (e lw z, w) and get the following form for the generators of tti(S\D): 

{(z,w) i — ^ (z,w + 2iri) 
(z,w) i — > (Ae i(fc - 1)u, ^ + e^a + P(e w ),fcw) 
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where P is the polynomial defined by P{Q = C^QiC 1 )- Thus P(C) = 
Ylm=ik-a c m( m , whith c m = hk-m- As shown in |5j and [6] the surface S is 
then associated to the polynomial germ 

( Zj ()^(\Cz + P(0 + c(^X k ) 

which is in normal form (CG). Here we have set s = l(k — 1) and c = ao- 

Remark 4. 4. Every intermediate surface of index higher than one may be 
constructed as in section WTB. 

Indeed, let <p' be a polynomial germ in normal form (CG) associated to a 
surface S' of higher index, 

s' 

^,C) = (AC^+^4r,C fc ), 

m=j' 

with (k — 1) \ s' and let q be some positive divisor of k — 1 such that 
(k — 1) divides qs'. Set r := [^J; s := Q 3 ' ~ — 1); i := Qf ~~ 
^(0 := ZLf c' m C qm - rk and 

^,C):=(AC s + P(C),C fc )- 

One checks now easily that the polynomial germ ip is in normal form (CG), 
corresponds to a surface S of index one and admits an automorphism of the 
form 

where e is a primitive root of unity of order q. This automorphism lifts 
to a conjugation of a corresponding normal form (FG2) for S, which has 
property (I q ) as in section [3T2l In fact the covering map S \ D — > S' \ D' is 
induced by (z,() i-> (( r z,( 9 )- 

One also sees that the index of S' is the least possible q allowed in the above 
construction; more precisely, one gets 

Remark 4.5. The index of an intermediate surface associated to a polyno- 
mial germ (p(z, £) = {\( s z + P(£) + cC~ , ( k ) in normal form ( CG ) equals 

k-l 
gcd(/c — 1, s) 

Remark 4. 6. (Cf. [5] .) 

The intermediate surfaces admitting non-trivial holomorphic vector fields 
are precisely those associated to polynomial germs 

^(z,C) := (AC^ + P(C) + <^,C fc ) 
in normal form (CG) with (k — l)\s and A = 1. 

We now define the type of a polynomial germ in normal form (CG) in a 
similar way we did it for (FG2). 
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Definition 4. 7. For fixed k and s and for a polynomial germ (p(z, £) := 
(\( s z + P(() + c(i^,( k ) in normal form (CG) with P(() := (i + c j+1 ( j+1 + 
... + c s ( s we define inductively the following finite sequences of integers j =: 
rrii < ■■■■ <m t < s and k > i\ > j 2 ... > i t = 1 by: 

i) m 1 := j, %x := gcd(A;,m 1 ); 

ii) m a := min{m > m a _i | c m ^ 0, gcd(i a _i, m) < i a -i},i a : = 
gcd(fc, mi, m a ) = gcd(i a _i, m a ); 

iii) 1 = i t := gcd(k,m u ...,m t -i,m t ) < gcd(fc,mi, ...,m t _i). 

We call (mi, ...,m t ) the type of ip and t the length of the type. If t = 1 we 
say that ip is of simple type. 

The length of the type of ip is 1, i.e. p is of simple type, if and only if k and 
j are relatively prime, gcd(k,j) = 1. 

We also set £(^,...,77^) := [^f^\ + [^^\ +■■■+ +s-m t . 
It is the number of coefficients of P whose vanishing or non-vanishing does 
not affect the type. 

The type is obviously preserved by the conjugations appearing in Theorem 
1J3 

For fixed k, s and fixed type (mi, m t ) we consider the following obvious 
parameter spaces for the coefficients (A, c J+ i, c s , c) appearing in (CG): 

• when (k — 1) does not divide s we take 

U k>s , mi ,..., mt = C*x (C*)*- 1 x c e ( fc ' mi '-' m *'>, 

• in case (k — 1) | s 

U^°,m t = C \ {0, 1} x (CT)*- 1 x c^.™-"*.'), 

CLl: = (C*) 4 - 1 x C^--™"') x C. 

In the second case we have considered separate parameter spaces for surfaces 
without, respectively with, holomorphic vector fields. We will come back 
later to this point. 

By the discussion of the previous section we see that for each p G {1, t} 
choosing d — gives us a transformation on types and a biholomorphic 
map Td between corresponding parameter spaces. Surfaces associated to 
germs of one type correspond via to isomorphic surfaces associated to 
germs of the transformed type. 

5. Decomposition of germs 
Definition 5.8. A polynomial germ 

<p(z,C) ;= (AC^ + P(C) + <^,C fc ) 

in normal form (CG) is said to be in pure normal form if c = 0. We say 
that a polynomial germ <p : (C 2 , 0) — > (C 2 , 0) is in modified normal form if 

ip(z,():=(\Cz + P(0 + c( kn ,( k ) 
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is such that the germ 

p <p(z,() := (AC^ + P(C),C fc ) 

is in pure normal form ( CG), n G Z, | < n < -j^j an d c G C. In this case 
the type of ip is by definition the same as the type of the purified germ P P>. 

Remark 5. 9. The pure normal form is a special case of the normal form 
(CG). The normal form (CG) is a special case of the modified normal form. 
A germ ip(z, () := (\( s z + P(C) + c( kn , ( k ) in modified normal form is in 
normal form ( CG) if and only if either n = ^f-j- and A = 1 or c = 0. When 

this is not the case p> is conjugated to some germ (p := (\( s z + P((), ( h ) in 
pure normal form and of the same type as tp. 

For suppose c ^ 0. We have to consider two cases. 

When | < n < ^f-j- we conjugate (p by (z, () t— > (z — A _1 cC fcn ~ s , C) to get 
the new germ 

(z, » (X( s z + P(C) + a- 1 ^*"-), C fc ). 

By assumption we have kn — s < n. If k{kn — s) < s we are ready since 
(z, C) i-> (AC s -2 + -P(C) + A _1 cC fc(fcn_s) , is in pure normal form. If not 
we can work with kn — n instead of n and continue to conjugate until the 
exponent of the supplementary £-term doesn't exceed s any more. Remark 
that this exponent remains a multiple of k and thus leaves the type of <p 
intact. 

When n = ^f-j and A ^ 1 a conjugation by (z, Q t— > (z — jzi( n , C) leads p> 
directly to the pure normal form 

(^C)^(AC^ + P(C),C fc ). 

Proposition 5. 10. Let p(z,() '■= (K Sz + P(C) + c ( kn X k ) be a germ in 
modified normal form and whose type has length t. If ip is in pure normal 
form, then tp admits a canonical decomposition <p = ipi o ... o (p t into t 
polynomial germs in pure normal form and of simple type. If p is not in 
pure normal form, then p admits a canonical decomposition p = p>\ o ... op t 
into t polynomial germs in modified normal form and of simple type out of 
which t — 1 are pure. Moreover p ¥ = p f\o... o p p t . The canonical choice 
of the decomposition <p — <p± o ... o <p t and the types of the factors p\,...,p t 
are determined by the type of p>. 

Proof. We first deal with the pure case. 
Let 

C) :=(A!r^ + Pi(C),C fcl ) 

and 

<P2(zX) :=(A 2 C^ + P 2 (C),C fc2 ) 
be two germs in pure normal form with invariants (hi, ji, Si) resp. (k 2 , s 2 ) 
of types 

/ ■ (i) (i) 



LOGARITHMIC MODULI SPACES FOR SURFACES OF CLASS VII 11 

and 

, . (2) (2) (2)s 

respectively. Their composition 

Vl o V2 ( Z , c) = (x.x.c^z + Pi(C k2 ) + AiC slfe2 P 2 (C), C klk2 ) 

is again in pure normal form with invariants (A; = k±k 2 ,j = jik 2 , s = Sik 2 + 
s 2 ) and has type 

(m < i ) k 2 , m ( 2 ] k 2 , m^k 2 , Sik 2 + mf \ s x k 2 + m { 2 \ s x k 2 + mjf) 

with length t — t± + t 2 . 
Conversely, let 

^,C):=(AC^ + P(C),C fc ), 

where 

P(C) :=C+c 3+l e +1 ... + c s ( s 
be a germ in pure normal form and suppose that 

d := gcd(j, k) > 1. 
Define fci := fc/d, ji := j/d and 

Si := max{m/d | rh/d e Z or = for all m = j, ...,m}. 
It is clear that < j± < k\ and ji < si . Furthermore let k 2 := d, 
j 2 := — S\k 2 + min{m | m > s±k 2 and c m ^ 0} 

and s 2 := s — sik 2 . It is clear that < j 2 < k 2 and j 2 < s 2 . We also put 
Ai := c Sl k 2 +j 2 7^ and A2 := X/X±. Finally let 

Vl (z,() :={X 1 C 1 z + Y j c m C mld X kl ), 

m=j 

s 

m,=sife2+j2 

One verifies directly that <fi o ip 2 = <p, that ip±, ip 2 are in pure normal form 
and that ipi is of simple type. Note also that the types of </?i and (p 2 are 
determined by the type of ip. Repeating this procedure if necessary with (p 2 
one gets a decomposition of (p into germs in pure normal form and of simple 
type in a canonical way. 

Take now (p(z, () = {X( s z + -P(C) + cC fcri , ( k ) a germ in modified normal 
form, p <p(z,C) = (X( s z + P((),( k ) and ^i(^C) := (AiC 1 ^ + A(C), C* 1 ), 
</? 2 (^,C) := (X 2 ( S2 z + P 2 (() , ( k2 ) in pure normal form such that P ^P = (fiiOip 2 . 
We shall modify <pi or ip 2 in order to get <p by composition. 
If n < ^zj, then < n and the germ 

0i(z,C) := (AiC'^ + PiCO + cC^C* 1 ) 
is in modified normal form and ^0^2 = </?. If not, take n 2 := kin — Si and 

M*, == (A 2 C S2 ^ + P 2 (C) + cAiC" 2 ™ 2 , C fc2 )- 
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Then <f% o <p 2 = if. The inequalities ^f^y < n < ^f-j- imply n 2 < -jfz^ an d 
thus <f 2 w iH be in modified normal form. 

Note that in case n = ^-j- = ^-j- = -jf 2 -^ both decompositions ip = <fioif 2 = 
ip i o if 2 are possible but we chose the first (p\ o ip 2 as the canonical one. □ 



6. The blow-up sequence and the Dloussky sequence 

In this section we calculate for a given germ in modified normal form the 
configuration of the rational curves on the associated intermediate surface. 
This is equivalent to giving the Dloussky sequence of the surface, see [3], 
pp. 37, which in turn will be computed by the sequence of blow-ups for the 
given germ. We recall that in the Dloussky sequence each entry represents 
a rational curve with the negative of its self-intersection and the order in 
the sequence is given by the order of creation of the curves in the blow-up 
process. A Dloussky sequence for an intermediate surface is called simple if 
it is of the form 



[D1S] = 2, 2, ..,2,..., a, + 2, 2, ..,2,0^ + 1, 2, ..,2, 2^] = 

Oi\— 1 Ctq — l Cfq-l-l— 2 m 

[ s ai i ■ ■■ i Sa q ) Sa q +i — 1 j '"m] j 

with q > 0, cti > 1 for 1 < i < q, a q+ \ > 2 and m > 1. So the shortest 
possible sequence here appears for q = and m = 1 and is of the form 
[3,2]. A general Dloussky sequence is of the form [DISi, DISjv], where 
[DlSj],j = 1,...,N are simple Dloussky sequences. The dual graph of the 
divisor D on an intermediate surface with known Dloussky sequence is now 
constructed in the following way: The entries of the sequence represent the 
knots of the graph. An entry with value a is connected with the entry 
following a — 1 places after it at the right hand (with the entries in cyclic 
order!). 



Example 6.11. a) The Dloussky sequence [3,4,2,2] produces the graph 

(-2) 



;-4) (-3) 



(-2) 

b) The Dloussky sequence [3,2,4,2,2,2] produces the graph 
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(-4) (-2) 



(-2) (-2) (-2) 




(-3) 

Note that the Dloussky sequence induces an orientation on the cycle of the 
dual graph. We will call such a graph a directed dual graph. Note also that 
the dual graph of the cycle of rational curves on a surface with a GSS has 
a natural orientation given by the order of creation of the curves in the 
blowing-up process. After glueing as described in Section [5] this orientation 
may be recovered by looking at the pseudoconvex side of a GSS in the 
compact surface S. 

We start with the description of the blow-up sequence in the case of a germ 
ip of simple type. This is the sequence of blow-ups which leads to the maps 
% ~. B — > B, a ~. B — > &{B) such that tp = ix o o as in Section [2j 
Let 

<p(z, := (X( s z + C 1 + c j+1 C +1 ... + c s C + c( kn , ( k ) = 

= (X( s z + P(C) + c( kn , ( k ) = (C j A(z, C), C fc ) = (C^, C k ), 

where 

P(C) :=( j + c j+1 (i +1 ... + c s C 

and 

A(z, C) := \C~ J z + 1 + c i+1 ( + ... + c s ( s -J + c( hn -\ A(0, 0) = 1. 

be a germ in modified normal form and suppose that d := gcd(j, k) = 1, that 
is, ip is of simple type. Recall that < j < k, j < s and let r = s — j > 0. 
We shall calculate the blow-up sequence of if. For this we shall need the 
division algorithm for k and j which we note as follows: 

k = a x j + (3 X 
j = a 2 (3i + f3 2 
Pi = a 3 p 2 + P3 

Pq-2 = OLqPq-1 + 1 

(3 q -i = a q+1 -1 + 
with the convention k = /3-x,j = (3q. 

We use the two standard blow up coordinate charts r\ : (u, v) — * (uv, v) and 
7]' : {v! , v 1 ) — > (v ', u'v') for this procedure. Remark that in these charts the 
exceptional curve is given by v = respectively by v' = 0. 
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(C j A, ( k ) 



n «i-i 



^{k-aij)=l3i J^-ai ^ 1 ^/3i j^-ai^ 



(£(/3 g -2-a 9 /3 9 -i)=/3 9 =l^- ? ^-1^4-^ (C^-i- 1 ^-^ 




(CAz + ...,CA) =: <t(z,C) 

In the above sequence of blow-ups all the powers of A indicated by • • • are 
non-zero integers. The map a is a germ of a biholomorphism at the origin 
of (C 2 , 0) with the property that the inverse image o" _1 (C fl U) of the inter- 
section of the last created rational curve C with an open neighbourhood U 
of <t(0, 0) is given by {( = 0}. Furthermore fj is the composition of s — j 
blowups in the form (u,v) i— > ((u + const.)v,v). 

The construction shows that the Dloussky sequence of the associated surface 
is simple and given by 

[D1S] = [«i + 2, 2^, ...,«, + 2, 2^^+1 + 1, 2^, 2^ = 

ai-l ctq-l a q+1 -2 s-j+1 

= [s ai , S« 9 , S aq+1 — i, r s _j-)-i], 
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see j3], pp. 37. 

In particular, the second Betti number of the surface is 6 2 = ( — 1+Si=i + 
(s — j + 1) = (X^i=i a i) + ( s — j) which is the length of [D1S]. 

Remark 6. 12. T7ie above construction shows that the obtained Dloussky 
sequence is independent of the germ being in normal form, pure normal form 
or modified normal form. 

For the general case let (p = ipi o (p 2 ° ••• ° be the decomposition of a germ 
ip into germs of simple type and D1S resp. D1S; the associated Dloussky 
sequences of ip resp. (p i7 i = 1,...,N. An easy calculation similar to the 
above one shows that 

[D1S] = [D1S 1; ...,D1S^, 

i.e. the operations of composition of germs and concatenations of Dloussky 
sequences are compatible. 

We note in conclusion that the following three objects associated to an 
intermediate surface are algorithmically computatble from one another: the 
directed dual graph of the rational curves, the Dloussky sequence, the type 
of a contracting germ in modified normal form. 

7. Versal families and MODULI SPACES 

We have seen in section H] that for fixed k, s and fixed type (mi, ...,m t ) we 
get parameter spaces for germs in normal form (CG) 

U k>s , mi ,..., mt = C* x (C*)*- 1 x c £ ^- mt ' s \ 

when {k — 1) \ s and 

U^ m C :°, mt = C \ {0, 1} x (C?- 1 x c^->"^), 

U^ mu ..., mt = (Cy- 1 x C^'": X C, 

when (k-l)\ s. In case (k - 1) | s the spaces U^=° mt and U£=} mu mt 
appear as subspaces of 

U kM ..., mt = C*x (C*)'- 1 x c^ mi - m ^ x C, 

which parameterizes germs (z,() i— > (\C Sz + P(0 + cC^^jC^) m modified 
normal form. By the previous section all these germs have the same logarith- 
mic type, i.e. the same directed dual graph of rational curves for the associ- 
ated intermediate surfaces. Conversely, we have seen that every intermedi- 
ate surface with such configuration of curves corresponds to a germ of this 
type. Moreover, one may perform the blow-ups and the glueing over the pa- 
rameter space £4, s , mi ,... imt thus obtaining a family <S fcjSjmii ... jmt — > U kjS 

,mi,...,m( 

of intermediate surfaces over Uk tS , mit ..., mt . It is clear that iSfc iSjmiv .. imt is a 
complex manifold of dimension dim Uh jSjmiy __ jmt + 2 = t + e(k, mi, m t , s) + 
5 + 2, where 5=1 if (A; — 1) | s and otherwise 5 = 0. The projection 
<Sk, s ,m 1 ,...,m t t4,s,mi,...,m t is proper and smooth, since locally around each 
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point of Sk,s,mi,...,mt it looks like the projection on Uk, s ,mi,...,m t of a small 
open subset of B x £4 iS miv .. jmt . See also our Appendix for a discussion on 
the family of the open surfaces S\D. 

Consider now an intermediate surface S with maximal effective reduced 
divisor D. We would like to consider families of logarithmic deformations 
as in |8] . However the definition of that paper requires that D be a subspace 
with simple normal crossings. But when the cycle of curves of D is reduced 
to only one curve C, this condition is not satisfied. In this case we blow up 
the singularity of C on S and work with the blown-up surface instead. We 
may then apply Theorem 2 of [H] to compare the logarithmic derfor mat ions. 
In the sequel we shall work with the blown-up surface, without mentioning it 
explicitely again. In particular the new D will have simple normal crossings. 
(Another way to avoid the singularity of C would be to look at a non- 
ramified double cover of S instead of S.) 

A family of logarithmic deformations for the pair (S, D) is a 6-tuple 
(S, T>, it, V, v, if)), where T> is a divisor on S, ir : S — > V is a proper smooth 
morphism of complex spaces, which is locally a projection as well as its 
restriction to T>, v G V and if) : S — > 7r _1 (t') is an isomorphism restricting 
to an isomorphism S\D — > n^iv) \ D. Let Ts(— log D) be the logarithmic 
tangent sheaf of (S,D). It is the dual of the sheaf fis(logZ)) of logarith- 
mic differential 1-forms on (S,D). By [S] versal logarithmic deformations 
of (S,D) exist and their tangent space is H 1 ^, Ts(— log D)). The space 
H 2 (S, Ts(— log-D)) of obstructions vanishes by Theorem 1.3 of p2]. In par- 
ticular the basis of the versal logarithmic deformation of a pair (S, D) is 
smooth. On the other side H°(S,Ts(— log D)) = H°(S,Ts) and this space 
is at most one dimensional. 

Theorem 7. 13. With the above notations we have: 



• If (k — 1) does not divide s the family 



^k,s,mi,...,mt * ^fc,s,mi,...,m,£ 

is logarithmically versal around every point of C/fe )S ,m 1 ,...,mf 
If (k — 1) | s the restriction of the family 

^k,s,mi,...,mt * ^,s,mi,...,m( 

to U^]£~° is logarithmically versal around every point of 

rrA^l,C=0 ' 

k,s,mi,...,mt ' 

If(k-l)\s the family S k>s , mi ,...,mt -» ^, s ,mi,..,m t is logarithmically 

=i 

s,mi,...,mt ' 



versal around every point of U£ 1 



Proof. We start with the case (k — 1) { s. Take (S, D) a pair as above and 
ip(z, () := (\( s z + P((),( k ) an associated germ in normal form (CG). We 
see ip as a point in Uk, s , mi ,...,mf Ld; (<S', V, tt, V, v, if)) be the logarithmi- 
cally versal deformation of the pair (S,D). Then the family <S& )S)mi) ... )mt — > 
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Uk,a,mi,...,mt is obtained from S f — ► V by base change by means of a map 
P : (^fc,s,mi>-,mi'V) ~~ * (X;^)- By Theorem 4j2] F must have finite fibres. 
Thus dim Uk jS ,mi,...,mt < dimV". Since every point v' of V is covered by a 
similar map (£4, s , mi ,..., mt , V 2 ') -> ( v , v ') one § ets dim U k)S>mi> _ >mt = dimV. 
Next we show that F is injective near (p hence locally biholomorphic. As- 
sume the contrary. 

Then by Theorem 4j2] there exists a root of unity e of order q with 1 ^ q \ 
(k- 1) and a sequence (</? n ) neN , <p n (z, C) : = (X n ( s z + P n ((), ( k ), converging 
to f in Uk,s,mi,...,mt sucl1 that for ip n (z, C) := (e s A„C s 2 + e~ mi P n (eC), C fc ) o ne 
has (p n ^ ip and F(<p n ) = F(ip n ) for all n e N. Let r = —mi — \— ~\q and 

C) = (e~ r z, e£). Then 0„ = x~ l ° ¥>n ° X f°r a U «GN. Thus \ induces 
an automorphism of the germ (p and in fact a non-trivial automorphism of 
the surface S = as in the proof of Remark 4JH On the other side \ 
induces for each n G N the isomorphisms S Vn = S F , s = S$ n which by 
construction converge to the identity on S = S^. This is a contradiction. 
The second assertion of the theorem has a completely analogous proof. 
For the third we have {k — 1) \ s and we consider the pair (S, D) associ- 
ated to a germ (p(z, £) := (\( s z + P(() + c^ 131 , ( k ) in normal form (CG), 
(S', T>', 7r, V, v, ip) its logarithmically versal deformation and 
F : (t f fc, s ,mi,.,m t) V 9 ) ~~ *■ the induced morphism as before. From the 

second part of the theorem it follows that 

dim Uk >S) mi,...,mt = dim H 1 ^, T s (— log D)) = diml^. Since the fiber over v 
is finite we only need to check that F is injective. If it was not, then by 
the discussion of the first case ramification should occur along the divisor 
^fcTmi m t - But this is not possible, because one can define the function A 
on the base of every family of intermediate surfaces of this logarithmic type, 
in particular also on V. Indeed, for such a surface S one defines X(S) as 
the unique twisting factor such that H°(S, T s <%> Lx(s)) 0> see f° r instance 



We now fix a logarithmic type of intermediate surfaces, i.e. we fix the di- 
rected dual graph of the maximal reduced divisor of rational curves on such 
a surface, and want to describe corresponding logarithmic moduli spaces. 
By our previous discussions it is enough to fix one set k, s, mi, m t of 
adapted numerical invariants and look at polynomial germs parameterized 
by U ki8>mir .. tmt , U^=° mt , U^ mit mt . Although several such sets of in- 
variants may correspond to the desired moduli space, they all will be related 
by the transformations described in sections 13.21 HI By Theorem 4fS] we 
get a natural action of Z/ (k — 1) on Uk t s, mu ...,m t which permutes conjugated 
germs: through a generator of 7Lj{k — 1) a germ 



[14J 



□ 



is mapped to 



e- mi P n (eC) + e^ 
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where e is a primitive (k — l)-th root of the unity. 
As a corollary to Theorem 7{13] we get 

Theorem 7. 14. Fix k, s and a type (mi, ■■■,mt) for polynomial germs in 
normal form (CG). Set j = m\ as before. 

• When j < max(s, k — 1) the natural action ofLjik — 1) on 

TT tt\^X,C—0 j jt\=1 

u k,s,mi,...,mtJ u k,s,mi,...,mt a k,s,m 1 ,...,m t 

is effective. 

• In the remaining case, i.e. when j = k — 1 = s, the natural action of 
Z/ (k-l) is effective on U^ mu mt = C and trivial on U^=° mt = 
C\{0,1}. 

The quotient spaces £4, s ,mi,...,mt/(Z/(A; ~ 1)) when (k — 1) \ s, and 

^ff^.,m t /(Z/(*-l))"^feL..,m t /(Z/(*-l)), when (k- 1 ) I s > ^e coarse 
logarithmic moduli spaces for intermediate surfaces of the given logarithmic 

type without, respectively with, non-trivial holomorphic vector fields. 

These spaces are fine moduli spaces if and only if either the corresponding 

action of Z/ (k — 1) is trivial or this action is free. 

The natural action ofZ/(k — 1) on either of the spaces 

TT 7-/-Vl>c=0 j tt\=1 

u k,s,mi,...,mti u k,s,mi,...,m t u fc,s,mi,...,mi 

is free if and only if gcd(k — 1, s, m 2 — j, ■■■,m t — j) = 1. 

Proof. The assertions on the effect ivity of the action are immediately veri- 
fied. 

When the action is trivial it is clear that the corresponding families over 
Uk,s,mi,...,m t i ^k,s,mi,l,m t i ^fc,7,m 1 ,...,m t are universal. 

When the action is free the families over U ktS>mu _ >mt , U^^° mt , U^ mu mt 
descend to the moduli spaces since we can extend the conjugation x(z, C) = 
(e~ r z, e() from the proof of Theorem 7H3]to the whole family Sk >s , mi ,...,mt ~^ 

Uk : s,irii,...,rnt ■ 

When the action is not free but effective we see as in the proof of Theorem 
7 JT31 that such a family around a fixed point for some non-trivial subgroup 
of Zi/(k — 1) cannot descend to the quotient. 

Suppose now that d \ gcd(fc — 1, s, m 2 — j, ...m t — j). It is easy to check that 
a germ of the form <p(z, () := (\( s z + ( mi + c m2 C m2 + ••• + c mt C m % ( h ) is a 
fixed point for the action of the subgroup of order d of Z/(fc — 1). 
Conversely, the existence of a fixed point for the action of the subgroup of 
order d of Z/ (k — 1) implies d \ gcd(fc — 1, s, m 2 — j, ...mt — j). □ 

We have treated surfaces with and surfaces without vector fields separately 
in order to avoid non-separation phenomena. If we look for example at the 
families 

yi,x(z,Q := (XC k - 1 z + C + Cl C k X k ), 

<p 2 ,x(z,() := (AC fc -^ + C + c 2 C fc ,C fcA 
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for ci 7^ C2 fixed and A varying in C*, we see that (pi t \, (fi2,x are conjugated 
to one another if and only if A 7^ 1. 

8. Appendix: Deformation families for S\D 

In this Appendix we shall construct deformation families for the universal 
covers of the open surfaces S \ D where S is an intermediate surface and 
D its maximal, effective, reduced divisor. As a side product of our investi- 
gations we obtain examples of fibered analytic spaces together with groups 
acting holomorphically on them, such that the actions are free and properly 
discontinuous when restricted to each fiber but not on the total spaces. 
For simplicity we shall restrict ourselves to intermediate surfaces of index 
one. 

Let S be an intermediate surface and D its maximal, effective, reduced 
divisor. We shall relax the conditions on the normal form (FG2) for the 
generators of the fundamental group of S \ D to get the following normal 
form: 

, , / 9j(z,w) = (z,w + 2m) 

1 ' \ g(z,w) = (\z + a + Q(e- w ),kw), 

where k > 2, I > 1, Q — Q(C) '■= Em=i ^C™ is a polynomial such that 
(6 Ifc _ fc+1 , -Afc-i) 0, gcd{fc,m I b m / 0} = 1. As before (A - l)a = 0. 
The difference from (FG2) is that we don't fix the leading coefficient b a of 
Q to be 1 and require only that Ik — k < a < Ik. In fact a conjugation by 
(z, w) 1— > (cz, w), with c G C*, leads us to the generators 

J g 7 (z,w) = (z, w + 2%i) 

X g(z,w) = (Xz + ca + cQ{e~ w ) 1 kw), 

In the following we shall fix k and I and move the parameters 
(A, do, bi, 0/fc_i) G A x B of the normal form (FG4). Here A := {(A, a ) G 
C*xC I (A -l)ao = 0},B :={(&,, ...,&,*_!) eC lw I (&, fc _ fc+ i,..., &, fc _i) ^ 
0}. For each fixed point (A,a ,6) G A x B the operation of the group 
Z x 1i[l/k] generated by g 7 and g in the normal form (FG4) on C x H/ is 
free and properly discontinuous and the quotient is a surface Sx, ao ,b\Dx iao> b. 
We can define the type for (FG4) in the same way as for the normal form 
(FG2), see Definition 3fU but note that in this case the type need not be 
constant on the £>-component. 

Lemma 8. 15. Consider the coefficients bi, 6^-1 of the polynomial Q ap- 
pearing in the normal form (FG4) of type (n\, ...,n t ) and setn' d := max{n G 
N I b n ^ 0, \ \ n} for each d G {1, ...,k - 1} with d \ k. Then 
{ni, nt} — {n' d I 1 < d < k, d\k}. 

Proof. Set jo = 1. Then = n'_ L _ for all 1 < i < t. Hence ...,n t } C 

U-l 

{n' d I 1 < d < k, d I k}. 
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Conversely, suppose {n' d | 1 < d < k, d \ k} \ {rii,...,n t } ^ and let 
n' T = min{n' d | 1 < d < k, d \ k}\ {n\, ...,n t }, i = max{j G N | rij > n' T }. 
Suppose first that i < t. Then > n' T > n i+ i and ji | n' T by the definition 
of rii + i. On the other side - | and thus - | ji by the definition of of n' T . 
Hence - | ji | n' T : a contradiction. 

When i = t, we get - | rij for all 1 < j ' < t, which implies - | gcd(ni, ...,n t ) = 
1: again a contradiction. □ 

Theorem 8. 16. There is an action o/Zn<Z[l/fc] generated by the holomor- 
phic automorphisms g 7 and g in the normal form (FG4 ) on C x EI; x Ax B 
which is compatible with the projection CxIjXixB^ixB. Let 
T C Ax B be a connected analytic subspace. The restriction of the above 
action to C x EI; x T is properly discontinuous if and only if the type is 
constant on T . In this case the quotient space fibers smoothly over T . 

Proof. We consider the subgroup V < Z x Z[l/fc], 

T:={g r;m :=g- m og^og m \ m G Z, r G Z} 

We have V = Z[l/k]. Actually 

m— 1 Ik— 1 o • o 

9r , m (z, «,) = (z + E A-'-C " -P(|^))).- + ^) 

j=0 n=l 

for each point {z,w) G C x EI/. Note that in the above formula for g r ^ m we 
may always reduce ourselves to the situation when k \ r. 
One can show as in [5] p. 659, that the action of Z x Z[l//c] on C x EI/ x T 
is properly discontinuous if and only the induced action of the subgroup Y 
is properly discontinuous. 

Suppose now that the type is constant on T, that the action of T on C x 
EI/ x T is not properly discontinuous and let (gr^mJi/gN be a sequence in Y 
which contradicts the proper discontinuity of the action. Then ( 2 £m" )v will 
be a bounded sequence, so by passing to some subsequence we may assume 
that {rn v ) v is a strictly increasing sequence. Again by passing to some 
subsequence if necessary we may assume that gcd(fc,7v) =: d is constant 
for v G N. Let n' d := max{n G N | b n ^ 0, | f m}. Since the type is 
constant on T and by the above lemma n' d is well-defined. Since {g rv ,m v )v& 
contradicts the proper discontinuity of the action, for (A, ao) bounded on 
the .4-component of T and w bounded in EI/ the quantity 

m„ — 1 lk—1 

£A->-'(£^---(l-exp(|^))) 

j=0 n=l 

must be equally bounded independently of v G N. It suffices now to remark 
that the term 

\- m »b n , d e -^ m -- 1 -(l - exp(^^)) 
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is dominant in this expression. Indeed the factor |1— exp( 27r ^" d )| is bounded 
from below by |1 — exp(^p)|. On the other side the exponent n' d k m " J ~ 1 is the 
highest appearing in a non-vanishing term of this sum, since kn' d > kl > 
kl — 1 and thus b n = for n > kn' d . Hence the term \~ m "b n i e~ n A kmv w (l — 

exp( 27n ^" d )) of the above sum goes to infinity more rapidly than the rest 
and the sum cannot be bounded: a contradiction. 

Conversely suppose that the type is not constant on T and consider the 
first rii appearing in the decreasing sequence m, n 2 , ... of type, such that 
b ni takes both zero and non-zero values on T. It is clear that one can find 
an analytic arc 7 : A — > T such that b n . vanishes at 7(0) but such that the 
type is constant on 7(A \ {0}) and contains n^. Let d be such that = n' d 
for the generic type as in Lemma 8 JT31 For the non-generic type the new 
n' d , call it n' d will assume a strictly lower value, by definition. Take w = — 1, 
z arbitrary, r v = d for all v 6 N and m v = v. By the previous argument, 
for v » 0, the dominant term at 7(0) 

A-^e n ^" 1 (l-exp(^^)) 



k 



will be lower than 



A-"6 ni e^*" _1 (l - exp(^^)) 



~k 



in case | b n < \ is uniformly bounded from below by some positive constant. 
We can now choose a sequence converging to 7(0) in 7(A) in such a way 
that the corresponding b n > (v) converge to zero at such a rate that the whole 
sum 

v— 1 Ik— 1 „ .7 

j=0 n =l 

converges to zero. In order to see this we solve the equation 

L ESA-^ 1 (Ettn^^(l-exp(|^))) 
(5) b n > H ^—r-, = 

zS^-^a-exp^)) 

in b n ' d on 7(A) for each v » 0. This is certainly possible if the 6„-functions 
are supposed to be constant for n 7^ n' d . The solutions (b n i {y)) v form in this 
case the desired sequence and the sums cr(v) vanish. In general we rewrite 
the equation (5) as 



(6) b n , d + Cn(v)b n = 0. 

n=l 

It is easy to see that the coefficients C n {y) converge to zero as v tends to 
infinity and thus (6) will have a solution on 7(A) for v » 0. This closes 
the proof. □ 
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